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1 Introduction

Consider the k-step linear multistep method with variable coefficients

Yn+k + Qp—1Yn+k—1 + - -+ QoYn
=h (5k(tm h) fn—i—k + 6k—1(tm h) fn+k—1 -+ ﬁo(tm h) fn)7

fj:f(tj>yj)> tj:t0+jhv j:()?la"'?
for solving the initial value problem
y'(t) = ft ), ylto) =yo, tE€[to, T). (2)

In the method (1) the coefficients a’s are constant, while 3’s are the functions of ¢ and h. We
assume that the method is consistent and zero-stable, i.e, the first characteristic polynomial
given by

p(C) :ak<k+0ék_1<k_1+"'+040, ap = 1, (3)

has root ¢ = 1, which is usually labeled by (7, and all the other roots (; (I = 2,..., k) satisfy
Gl <1, i=2,...k

and if |(;] = 1 then (; is simple.

2 Functionally Fitted Linear Multistep Method

In this paper we assume that the solution of (1) is approximated by the linear combination
of some functions. In order to fit the method to this approximated solution, for given a’s
we determine (3’s by the system of the equations

ag @, (t + kh) + agp_1 P (t + (B — 1)h) + -+ - 4+ ap Py (t)
=h (ﬁk ()Om(t + kh) + ﬁk—l Som(t + (k - 1)h) +oeee BO QOm(t)),
m=12,...,k+1, (4)

where ¢,,,(t) (m =1,2,...,k + 1) are analytic functions on [to, T, and

¢
@m(t):/apm(T)dT, m=1,2....k+1.

to

Here we define the polynomial, the second characteristic polynomial, by

() =B+ B -+ B (5)



Using the polynomial, equation (4) can be expressed by
P(A) D, (1) =ho(A) pn(t), m=1,2,...,k+1, (6)
where A is the shift operator defined by
AN®(t) = ®(t+jh), j=0,1,...

The method (1) with the coefficients given by (4) or (6) integrates the equation (2) ex-
actly, if its solution is expressed by a linear combination of {®,,(¢)}",. Here we call the

method functionally fitted linear multistep (FLM) method. Here we give the theorem for the
uniqueness and the analyticity of §’s.

Theorem 1 Let the base functions {@n,(t) Yo, be analytic on [ty, T, and let the Wronskian
matric W (p1(t), wa(t), ..., opr1(t)) given by

ot eald) el
W= <P1'(t) 902:(75) 9014;+'1(t) (7>
o) Py - o)

be nonsingular on that interval. Then the [(;(t, h) given by (6) are unique and analytic at
h = 0.

Proof Equation (6) can be rewritten as

Bo D, (1)
Ctt orpn o) | [ =nroy | ] ©
Bk (I)k—i-'l (t)
where C' is the Casoratian matrix given by
ei(t)  @t+h) o et +kh)
Clt: o1 0mr e ornr) = 902:(15) 902(75:‘1‘ h) - palt + kh) (9)
90k+‘1(t) ¢k+1('t +h) - 90k+1(t' + kh)

For the uniqueness of 3; we show the non-singularity of C'. The Casoratian matrix C' is



related to the Wronskian matrix W by the formula

1 1 1
cowr|? ! 2 O(h*F+1)
0 HER (2R o (kR
1 11 1 - (10)
h o1 2 .- /{Z
w7 h%/2 0 1 22 - k[ 4 ok,
wm) \o 12k L p

since p,,(t) are analytic by assumption. If we use the convention that 0° = 1, then the
third matrix in the right-hand side is nothing but the Vandermonde matrix associated with
0,1,...,k, so we denote it by V(0,1,...,k). We have from (10)

k
1
det C' = det W (H ﬁ) det V(0,1,... k) h™5" + O(h™ 5!

j=0

)- (11)

The uniqueness and analyticity for A > 0 follows from the non-singularity of V(0,1,..., k).
Next we show the uniqueness and analyticity of 3; at h = 0. By Cramer’s rule we have

det Cj .
;= =0,1,... 12
ﬁ] det C ) J 07 ) 7k7 ( )
where
Jj+1
1(t) Fp(A)@i(t) ... it +kh)
- pa(t) FP(D)Ro(t) ... ot + kD)
i = . . .
Pri(t) o gp(A)Prpa(t) .. gt + Kh)
Each of the entries of the (j + 1)st column of the matrix is given by
— ZW <l'¢ ) m=1.92 . ktl, (13)
where
T
_ I+1
My = ﬁ Z aj ]
7=0
Therefore we have for C;
C; = W7 - diag (1, h, h?/2, ..., h*/k!) - V; + O(RFT), (14)



where

j+1
11 - gy e 1
v- | S
0 1 oo e K
which leads to
det C; = det W det V (ﬁ %) R oY, (15)
=0

We can find from (11) and (15) that det C' and det C; have common zero, that is h = 0,
and that the orders of the zero of det C; is higher or equal to that of det C' since det V' # 0.
This means that the singularity of §; at h = 0 is removal. Therefore 3;(t, h) is analytic and
unique even at h = 0, if we define

Bi(t, 0) =detV;/detV, j=0,... k.
|

Next we consider the accuracy of the FLM for the case that the solution of (2) cannot
be expressed exactly by the linear combination of {®,,(t)}*! . As is the case of constant
coeflicient methods, we consider the local error

ntk = Yntk — Y(tntr),
under the so-called localizing assumption that
Yntj = Y(tnsg), 7=0,1,....k—1
As for the case of constant coefficient methods, if
entk = Ynik = Y(tnsx) = O(WP™),  h—0 (16)

then we call the method is of order p. Note that in this case we must consider the behaviors

of the error in the situation that the coefficients of the FLM are being changed as functions
of h, when h — 0.
In order to consider the local error we associate with the method the difference operator

k k
:Z y(t + jh) — h;ﬁj y'(t+ jh), a7

Using the operator we have
-1
Entk = (1 — h Br(tn, h)a—) Lly(t,); hl.
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From the analyticity of Si(t, h) at h = 0, we have

(1 =D Bylta, ) Of[0y) ™" =1+ O(h),

which means that the order of e, . is that of L[y(t,); h]. Expanding y(¢t+ jh) and y'(t + jh)
into their powers series in h, and substituting them into (17), we have

Lly(t); h] = Coy(t) + Cry/(t) h+ Coy"(t) h* + -+, (18)
where (), are functions of h and given by

Co=ap+a;+---+ap =0,
k

k
1 , 1 o (19)
§=0 =0

Note that the convention 0° = 1 is also used in the above expression. If we define the power
series expansion of 3; as

8= 0" + 8" ht B

and substitute this into (19), then we have for the expansion of C,

C, = Oq(o) + C’él) h+ 052) W2, , (20)

where ¢ is the Kronecker delta.

Theorem 2 The FLM with the coefficients (; given by (4) is of order at least k + 1.
Proof Eq (4) means

[e'e) 1
L[®@,(1); h] = <Z Cy? 9055_”(15)) h'=0, m=12.k+1, (21)
which leads to

K-W =0, (22)

where K is the lower triangular matrix given by

C{l) Céo)
K=|c? o of

e e e TR o
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From (22) we have K = 0 since W is nonsingular by assumption. For the gth column of K,
this means
c=0, 1=01,....k+1—q, ¢=1,2,...,k+1,

which leads to
Cy =09, ¢=1,2,....k+1, (23)

unless the higher order terms, C’q(k+2_q), Cq(k+3_q), ..., happen to be 0. Therefore for suffi-

ciently smooth function y(¢), the operator L [y(t); h| is of order at least k + 1. |

From C'q(o) =0(¢=1,2,...,k+1), we have
k 1 k
DBV =2 iy, q=12. k] (24)
=0 155

which determines ﬁj(.o) uniquely, and the resulting values are, of course, independent of
{om ()Yt . Thus we have:

m=1

Corollary 1 The constant terms ﬂ](-o), which are independent of {pm (1) Y5,

determined, and the attainable order of the LM method with (a;, ﬁ](-o)) 1s k+1 or k+2, when

the step number k is odd or even, respectively, since the method is a zero-stable method ( The
Dahlquist first barrier [1]) .

are uniquely

Theorem 3 If k is even and the LM method with («;, ﬁ](-o)) is of order k + 2, then the
FLM method (1) is also of order k + 2.

Proof If the assumption of this theorem is true then we have C’,ESF)Q = 0. Therefore the
condition that the coefficient of A**2? in (21) is being 0 means

k+2 kt1
D CED I = SO =0, m= 1,2,k
q=1 =1

or equivalently

C§k+1)
C(k‘)
wr| 2 =0, (25)
‘1
Gy
which leads to
cF =P =... = C;% —0.

From this result together with K = 0, which has already been proved in Theorem 2, we have

C'q(l) =0for 1 < q+1 < k+2, which means that all the coefficients of b7 (j = 0,1,...,k+2)
in (21) are being 0. Thus we have proved that the FLM method is being of order k + 2. 1



3 Coefficients of FLM

Next we consider t— and x— dependences of 3;.

Theorem 4  The coefficients 5; (j = 0,1,...,k) are independent of t, if and only if the
functions o(t) = (p1(t), ..., eei1(t))T are the solution of the constant coefficient linear equa-

tion
'(t) = Ap(t), (26)
or equivalently ®(t) = (P(t), ..., Ppy1(t))T is the solution of the equation
Q'(t) = AD(t) + b. (27)
Proof (Sufficiency) Differentiating both sides of (6) with respect to ¢, we have

oo

pa) @) =n (%

P'(t) + o(A) <I>"(t)) :
On the other hand, (27) leads to

p(A) '(t) = p

where we use p(1) = 0. Comparing these two expressions, we have

aﬁtj Om(t+gh) =0, m=12... k+1,
=0
which means that
950
ot
9B
ot
C(t; 1,02, 0r01) | | =0, (28)
9By,
ot
where C'(t; v1, @2, ..., prr1) is the Casoratian matrix. Since C' is nonsingular we have
00,
— =0, 7=0,1,... k.
at Y ] ? Y Y

(Necessity) Let 3; be independent of ¢. Then the equation
Cila e (0) + L R0 + -+ P pn(t) =0, (29)

which is the condition that the coefficient of h**2 in (21) is being 0, is the constant coefficient
(k + 1)th order ordinary differential for ¢,,(t). Therefore o(t) = (p1(t), w2(t), ..., orr1(t))"



is the solution of the equation of the type (26) with the coefficient matrix A whose eigenvalues
are given by the solutions of the algebraic equation

C’ii% §k+1 + 01221 §k R kaH) =0 (30)

Theorem 5 The coefficients B; are independent of h, if and only if p,,(t) (m = 1,2, ... k+
1) are linearly independent polynomials of degree < k.

Proof (Sufficiency) First of all we consider the case that o,,(t) = ™!, that is @,,(¢) =
m= ™ (m=1,2,...,k+1). Then C(¢; o1, 2, -,prr1) is a kind of Vandermonde matrix

and is nonsingular for & > 0, and therefore 3, are uniquely determined. In this case O(h**?)
and higher terms in (10) and (14) vanish, so that §; = % are independent of h.

Next we consider the general case that ¢,,(t) are the polynomials of degree < k such that
C(t; 01,92, .., rr1) is nonsingular for ¢ € [ty, T|. Then if

k+1
Spm(t):z:’ym,iti_la m:1727"'7k+17
i=1

we obtain
C(t; 1,02, pp41) =D C(t; 1,t,..., 1Y),
where
71,1 Y12 V1,k+1
e B
Ve+1,1 Ve+1,2 0 Ve+1k+1-

Note that the non-singularity of C(t;1,t,...,t*) means the non-singularity of I'. Then the
defining equation (4) of 3 is

Bo Py (1)
T Ot 1,t,. .. %) ffl = b7l p(A) ®2:(t) ,
Bk ‘Dk+'1(t)
so that we have
Bo Dy (1) 1
Ot 1,t,... 5 ﬁ I =rtpa) @2:@) = hl p(A) t . (31)
Bk ‘I)k+‘1(t) 1

This shows that ; are the same as those obtained by ™' (m =1,2,...,k + 1). Therefore
the ; generated by ¢,,,(t) (m =1,2,...,k+ 1) are independent of h.



(Necessity) Next we assume ; (j =0, 1,...,k) are independent of h, that is §; = ﬁ](-o). Then
we have (), = 050), and 3; = 53(»0) are determined uniquely by

k k
1
G = <Zajjq—q25§“>jq-l>=o, ¢=12.. . k+1. (32)
©\j=0 §=0

It is clear from the expression that the 3; = ﬁ](-o) are also independent of ¢t. Therefore from
Theorem 4 we have that the generating functions ¢,,(t) are the solutions of some linear
equation ¢'(t) = Ap(t). The linearly independent solutions (fundamental system) of the

equation are given by
oLilt) =t"texp(Nt), di=1,...,my, I=1,...m

where ) is the eigenvalues of A with multiplicity m;. Let assume that one of the eigenvalues,
say A, is nonzero, then one of the generating functions corresponding to A is ¢, (t) = exp(A ).
Substituting this into (4) we have

i
=0 > T \GD =0

This means that (32) holds even for ¢ > k + 1, which violates the order barrier. Thus all the
eigenvalues of A are 0, i.e. ¢,,(t) are polynomials of degree < k. |

4 Adams type FLM method

In this section we consider Adams type FLM method. Let the first characteristic polynomial

p(¢) be
p(¢) =¢" = ¢t

In this case the order of the FLM method is k + 1, whatever the parity of k.
Consider the linear equation

"

y'=—y+ecost, y(0)=1, ¢'(0)=0. (33)
The exact solution of the equation is given by

1 .
y(t) = cost + 5515 sint.

Here we solve the equation with € = 0.5 by the two methods, 1- and 2-step Adams type FLM
methods. In this case we use the PECE mode in which the predictors are explicit Adams
type and the correctors are implicit Adams type. The global errors of these two methods
are shown in Figures 1 and 2.
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Figure 1 Global errors of PECE Adams type FLM method of order 2.
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Figure 2 Global errors of PECE Adams type FLM method of order 3.
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