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A Method of Estimating Blow-up Times of
Partial Differential Equations

Chiaki HIROTA and Kazufumi OZAWA

Department of Electronics and Information Systems
Faculty of Systems Science and Technology
Akita Prefectural University

Abstract. A numerical method for estimating the blow-up time of the blow-up solution of
partial differential equations (PDEs) is proposed. The main idea is to discretize the PDE
in space, and to generate a convergent sequence to the blow-up time of the solution of the
system of ordinary differential equations (ODEs) derived by the discretization. To generate
the sequence efficiently, the system of ODEs, which necessarily has a singularity inherited
from the PDE, is transformed into a tractable form by Moriguti’s technique. In the trans-
formed system, the time variable, which becomes one of the dependent variables, is shown
to converges to the blow-up time when integrating the system over the semi-infinite interval
[0,00). Using this fact, a linearly convergent sequence to the blow-up time is generated, and
accelerated by the Aitken A? method. The present method is applicable to the wide range of
PDEs, only if the blow-up time of the ODE system is guaranteed to converge to that of the
PDE. Numerical experiments on the two PDEs, the semi-linear reaction—diffusion equation

and the heat equation with a nonlinear boundary condition, show the validity of the method.
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Fig. 1. Solution profile of (2.1) when Q = [0,1], f(u) = u? and v°(x) = 100 sin(7x).
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Fig. 2. Solution profile of (2.1) when Q = [0,1], f(u) = u? and u’(x) = 100 (1 — cos(4nx)).
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Fig. 4. Solution profile of (2.4) when Q = [0,1], f(u) = v? and u’(z) = z.
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Fig. 5. Numerical solutions of (3.1) with e = 2 by the explicit Euler method, where the step-sizes
are 0.1,0.05, and 0.02.

B ZRL TS, Lt 2Nk, BIREZ T & BUEMIC KD &N BEIEL) t LD
1%

" _ 1 alt 9
(3.5) t _T__(a—l)MO‘—1+ 5 In M + O((At)%)

ERBZ DML, 22T, At%

2
ala—1)M*1InM

L35e, X (3.5)T O(At) DIEIHESN

(3.6) At =

=T = 0((At)?)

2B, AN(3.6)1F, FEE LTI M ZRELTHL At BINS BT 22H0 L5
EERL TS, T, aPREVE ST TOMAMBHEFI/R>THLHZ EHRLTWA, L
Mo T, AT v« A X% —BL T HIETIE, BIREA D720 STFRIOMNS F 72705
FICOIEFITNS VAT v T - A X 2D Z LI, FHHROTARNBKELREZ &B8bR
5. PAEoigamlE, WHHY Runge-Kutta D & 72 L W BE OB WIREE Fv/z2 L THRERT
HAH9.

— 5, FRISRERMEZ RO & O M HTEE R < 7o DICBIR S N 2 BUERED D  DIRE S
NTns (FEL <1E, Fatunla[10, pp.125-139], Lambert [17, pp.209-216] 2 Z R k). ZD k&
IRk VTR Z 2 HE T HZ L bEBEALNED, Zh 6 ORI AR HENcL »



HHATERWLDTH L7280, Wy HFEXE EHRLL THES N HERRICITET T E2Rn,
NS OEFIAT v T - AR — B THRETLD 5.
RETCII R DRFENE %2 SRET 2B e 4T 5,

3.2 WEMZRET IEHEH

FEDSEFET B & WO KRN BRET A2EHEHR L L CBED L 25 2 D0 HFERAIShTH 5,
BAIE Acosta et al. [5] 1T & > TIREI N T AHHILT, HHL HEX
%==@% y(0) = ¢°
DD VIR y BT L T 5 KRN
dt 1 0
@—m, y €[y, 00)
2O DOTH L. BN HBERNROGEIE, y OO0 H L5 D D bRIT 5 b 0% E
CZNZHTERE ThIZ L, LOELEAICZD L IREOVDONDLZ LI/ TH LN, =
DIFEDERMEFNI P2 VRS Z 2122 5.
THREIFHONCE > TRESWEHETH 5 [18). ZhIFHEMY HEXRICOEHAHETH Y,
HANCRILT B RODDH 5> T BRI, T2 0oL EEZ ST 5.
W R oW E
dy

(3.7) 5 = fty@), y(0) =y’

BEAD. Z2C, y= Yy ya) s FGy) = (HGY), L6Y), - LGy)T 6% = (00,49, u0)”
L, Ry OHBEGNt=T(>0) THRITHLET 5. 2Dk REREICKL T, &HOE
AR DR E s BN L T HRHAWE RRL T2 [18]. MHIFROMRER ds 1F (ds)? =
(dt)? + (dy,)? + - -+ (dy,)? ZHi/AT DT, t & y,(i=1,...,n) & s DKL R E, Zhb
DTz I RN

t 1

(3.8) i Y1 _ 1 f1

ds | : e
' 1+ S
Un \ Z?; fu

t(0) =0, y(0)=y¢°
LERINDL, ZOEHENEROOTHL LS 21T 5, 22T, SO FRATIE ¢ 230
SR S BRI 5> TN Z LICERT 5.

CDHBERTIIERD s I L THRIIERTH DT, s DARIEE —E L L CHUEfRE KD
e LTCY, 31ETCHHEL LI RMBOFEEL RV E 2 AT OEHEETEN TN 5 & v ) R
VRN TR D, Fiz, t M TIED LN ST, K (3.8) HAHOY 5 & I
HWORNMED BEBIETNTNE, OENE 0 15ESN TN EWIFEL WHEEBiX T
W5, EEE, #MohER (31 TCa=2 L EEE, EhGoHERT

+ () -7 ()2 )




Table 1. Examples of Problem 3.1.

« || equation | initial condition solution blow-up time 7T’
2 |y=y9 Y =1 y(t) =1/(1 1) 1
3/2 || y' = y*? y' =1 y(t) =1/(1 —t/2)? 2

7Y, FRROED g, g ERFTHL Fig. 6, 70 LIR>TOD, ROOLHE(T- 124
DHFBRE, 2D & DITBRRANEITHES L RO A/ —E DTSN L DT, 5
Ha AN ODROGBIIRIKIC L > TR 2 e N TE 5,

0.9 2.4 y
0.8 | 2.2 g
0.7 | 2
0.6 |- 1.8
05| 16
04| - 14
03| 1.2
02| il
01| o8] .-
0 06 | . . . . . . .
7 0 02 04 06 08 1 12 14 16
s s
Fig. 6. t(s) and gy(s) versus s for (3.1) Fig. 7. y(s) and g,(s) versus s for (3.1)
with o = 2. with a = 2.
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WS, HEFEDa—KR I3 http://www.unige.ch/math/folks/hairer/software.html 76 %
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Table 2. Eq. (3.1) with a = 2. Table 3. Eq. (3.1) with a = 3/2.

log,, M ty — T steps log, g M by — T steps

4 -9.9944-05 | 4178 4 -1.9994-02 | 3398

5 -9.995d-06 | 5240 5 -6.317d-03 | 4262
6 -9.997d-07 | 6302 6 -1.999d-03 | 5125
7 -9.999d-08 | 7364 7 -6.319d-04 | 5989
8 -9.979d-09 | 8427 8 -2.000d-04 | 6852
9 -9.980d-10 | 9489 : : :

10 -9.982d-11 | 10551 22 -2.000d-11 | 18942
11 -9.980d-12 | 11613 23 -6.326d-12 | 19806

t,.: the first t-value at which |y,,| > M. tm: the first t-value at which [y,,| > M.
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Table 4. Aitken A? process for Eq. (3.1) with a = 2.

©)

(3)

l 2 el(l) 61(2) e D, steps
0 -5.936d-02 547
1 -3.044d-02 -7.143d-02 640
2 -1.542d-02 8.281d-04 1.019d+00 723
3 -7.761d-03 2.069d4-04 1.010d4+00 796
4 | -3.893d-03 5.171d-05 4.665d-08 1.005d+00 860
5 -1.950d-03 1.293d-05 2.613d-09 1.002d+00 916
6 -9.758d-04 3.232d-06 1.528d-10 7.284d-12 1.001d+00 965
7 -4.881d-04 8.0804-07 9.212d-12 3.093d-13 1.001d+00 | 1008
8 || -2.441d-04 2.0204-07 5.700d-13 1.665d-14 | 1.000d+00 | 1046
9 -1.221d-04 5.0504-08 4.663d-14 1.288d-14 1.000d4+00 | 1079
10 || -6.103d-05 1.262d-08 9.992d-15 7.327d-15| 1.0004+00 | 1108
Table 5. Aitken A? process for Eq. (3.1) with a = 3/2.
l el(o) el(l) el(2) 61(3) ) steps
0 -4.884d-01 522
1 -3.4944-01 -1.429d-01 626
2 -2.485d-01 1.826d-02 2.035d+00 724
3 -1.762d-01 6.3154-03 2.017d4+00 816
4 | -1.2484-01 2.210d-03 6.072d-05 2.009d+00 902
5 -8.832d-02 7.778d-04 9.580d4-06 2.0044d+00 982
6 -6.248d-02 2.7444-04 1.585d-06 1.042d-07 | 2.002d+00 | 1057
7 -4.419d-02 9.689d-05 2.704d-07 1.157d-08 | 2.001d+00 | 1127
8 || -3.125d-02 3.424d-05 4.693d-08 1.156d-09 | 2.001d+00 | 1193
9 -2.210d4-02 1.2104-05 8.217d-09 1.089d-10 2.000d+00 | 1255
10 || -1.562d-02 4.278d-06 1.446d-09 9.948d-12 2.000d4+00 | 1312
el(k) = tl(k) — T, where T is the blow-up time, and tl(k) is the sequence

generated by the Aitken A? process.

p, is the estimate of the order of the pole (see Eq. (3.16)).

“steps” denotes the number of the steps in the DOPRI5 routine.
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Table 6. Blow-up time of Eq. (4.2) with n = 64.

l tl(o) tl(l) tl(2) tl(3) tl(4) D steps
0 1.09516d-02 1569
1 1.09699d-02 4.653d-02 | 1762
2 1.097744d-02 1.09827d4-02 7.801d-01 | 1956
3 1.098044-02 1.09824d-02 8.219d4-01 | 2127
4 1.09816d-02 1.09825d-02 1.09825d-02 8.899d-01 | 2265
5 1.09822d-02 1.09826d4-02 1.09822d-02 9.415d4-01 | 2379
6 1.09824d-02 1.09827d-02 1.09827d-02 1.098234-02 9.703d-01 | 2476
7 1.09826d-02 1.09827d-02 1.09827d4-02 1.098274-02 9.851d-01 | 2561
8 1.09826d-02 1.09827d-02 1.09827d-02 1.09827d4-02 1.09827d-02 9.925d-01 | 2636
9 1.09826d-02 1.09827d-02 1.09827d-02 1.09827d4-02 1.09827d-02 9.963d-01 | 2703
10 1.09827d-02 1.09827d-02 1.09827d-02 1.09827d4-02 1.09827d-02 9.981d-01 | 2764
11 1.09827d-02 1.09827d-02 1.09827d-02 1.09827d4-02 1.09827d-02 9.991d-01 | 2821
12 1.09827d-02 1.09827d-02 1.09827d-02 1.09827d4-02 1.09827d-02 9.995d-01 | 2875

tl(k) is the sequence generated by the Aitken A? process.
p, is the estimate of the order of the pole (see Eq. (3.16)).

“steps” denotes the number of the steps in the DOPRI5 code.
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Table 7. Convergence behavior of T, to the blow-up time T of Eq. (4.2).

n T, 10g2 ‘ Tn/2 B Tn |

16 || 1.0956064262275741d-02

32 || 1.0977007057469330d-02 -15.54

64 || 1.0982674212952960d4-02 -17.43
128 || 1.09841700259452804-02 -19.35
256 || 1.0984559904911840d-02 -21.29
512 || 1.0984656750064430d-02 -23.30

T,,: Estimated blow-up time when the mesh size is Az = 1/n.
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Fig. 9. Convergence to the blow-up time, where nfe denotes the number of function evaluations.



Table 8. Blow-up time of Eq. (4.4) with n = 64.

l tl(o) tl(l) tl(2) tl(3) tl(4) ) steps
0 1.76845d4-01 12799
1 1.76898d-01 -4.255d4-02 | 12908
2 1.769184-01 1.769314-01 8.752d-01 | 13000
3 1.76927d4-01 1.769344-01 9.3294-01 | 13086
4 1.76931d-01 1.76935d-01 1.76935d-01 9.6494d-01 | 13168
5 1.76933d-01 1.76935d-01 1.76935d-01 9.8204-01 | 13247
6 1.76934d-01 1.76935d-01 1.76935d-01 1.76935d-01 9.908d-01 | 13324
7 1.76935d-01 1.76935d4-01 1.76935d-01 1.76935d-01 9.95644-01 | 13399
8 1.76935d-01 1.76935d4-01 1.76935d-01 1.76935d-01 1.76935d-01 9.977d-01 | 13472
9 1.76935d-01 1.76935d4-01 1.76935d-01 1.76935d-01 1.76935d-01 9.988d-01 | 13544
10 1.769356d-01 1.76935d-01 1.76935d-01 1.76935d-01 1.76935d-01 9.9944-01 | 13615
11 1.769356d-01 1.76935d-01 1.76935d-01 1.76935d-01 1.76935d-01 9.997d-01 | 13685
12 1.76935d-01 1.76935d-01 1.76935d-01 1.76935d-01 1.76935d-01 9.999d-01 | 13754
tl(k) is the sequence generated by the Aitken A? process.

p, is the estimate of the order of the pole (see Eq. (3.16)).

“steps” denotes the number of the steps in the DOPRI5 code.
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Table 9. Convergence behavior of 7), to the blow-up time 7" of Eq. (4.4).

n T, log, | T,/ — T, |
16 || 1.8379156278398120d-01

32 || 1.7856699004539611d-01 -7.58

64 || 1.7693533955545809d-01 -9.26

128 || 1.76445504868450404-01 -11.00
256 || 1.7630252624552159d-01 -12.77
512 || 1.7626164889244569d-01 -14.58

Ty,: Estimated blow-up time when the mesh size is Az = 1/n.
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Fig. 10. Convergence behaviors of Acosta’s and the present algorithms.
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